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Nomenclature

As = cross-sectional area of suction line, m2

Ath = nozzle throat area, m2

Cf = thrust coefficient, dimensionless
g = standard gravitational acceleration, m=s2

hs = height of propellant in suction line, m
ht = height of propellant in tank, m
Is = inertance of propellant in suction line, s2=m2

K� = effective stiffness of accumulator which is defined as
KaKp=�Ka � Kp�, 1=m2

Ka = stiffness of the accumulator, 1=m2

Kp = stiffness of pump cavitation, 1=m2

k = the ratio between effective stiffness and stiffness of
accumulator defined as K�=Ka, dimensionless

L = length, m
Ms = modal mass of structure mode, kg
i, j, n = index, dimensionless
m� 1 = pump gain, dimensionless
N = number of thrust chambers, dimensionless
p = oscillatory pressure, Pa
Rc = linearalized combustion resistance for propulsion flow

perturbation, s=m2

w = weight displacement of flow, N
� = mass flow gain factor of a pump, s
� = the propulsion modal damping coefficient,

dimensionless
� = dimensionless mass flow gain factor of a pump

defined as ��, dimensionless
� = couple strength between the structure mode and the

propulsion system, dimensionless
� = frequency ratio between the propulsion mode and the

structure mode, dimensionless
� = the structure damping ratio, dimensionless
� = density of the propellant, kg=m3

’ = structural mode gain, dimensionless
� = circular natural frequency of the structure mode, 1=s
! = circular natural frequency of the propulsion mode, 1=s

Subscripts

c = combustion chamber
p = pump
s = suction line
t = tank

I. Introduction

P OGO vibration has been suffered by most of powerful liquid
rocket vehicles, such as the Titan 2 [1], the Diamond B [2], and

the Saturn 5 [3]. Its potential threats on payload and pilot safety
attracted researchers’ attention since it is first encountered on Titan 2
in 1960s [4], and promoted extensive studies to understand and
mitigate it especially from the massive Saturn 5 for the manned
Apollo program [3,5–8].

Now, it has been well revealed by the linear model [4,9–13] that
pogo phenomenon is a self-excited vibration due to instability arising
from closed-loop interaction of the vehicle structure with the
propulsion system, as shown in Fig. 1. And this instability tends to
occur when the frequency of the propulsion system is close to that of
the longitudinal structuremodes [4,9,10]. Therefore, a natural way of
avoiding pogo vibration is to separate the two frequencies and this
idea has been successfully implemented by equipping the invented
accumulator on Saturn 5 and the space shuttle [3,5,14,15].

Nevertheless, apart from frequencies of the propulsion and
structure system, there are more than 10 other physical parameters
affect the pogo stability margin and result the mission-specific
performance. This might explain why a vehicle without pogo in one
mission can be fully troubled in another with slightly different or
even same payload [12,16]. To design a rocket which is pogo-free
and robust in the sense that some uncertain payloads and variable
working conditions will not destabilize it, it is necessary to under-
stand the role of parameters on pogo stability. However, quantitative
results are rarely found in available literature.

In this Note, we analytically investigate the role of physical factors
on pogo stability and the parameter domain of robust stability. For
simplicity, a simple coupling systembetween a longitudinal structure
mode and a reduced single-propellant system is addressed to offer a
preliminary and overall view. The propulsion system is shown in
Fig. 2, it includes six components, i.e., tank, suction line, junction,
accumulator, pump, and thrust chamber. And the main assumptions
are the following:

1) The propellant is considered as incompressible.
2) The resistance of suction line is omitted.
3) The duct between accumulator and pump, and the discharge

duct segment between pump and thrust is neglected.
4) The inertial and resistance of accumulator and pump is

neglected.
The modeling work for such propulsion system is greatly simpli-

fied while the essential mechanisms of pogo instability are reserved.
Under those assumptions, the governing equations of the closed loop
are derived. Then, it is shown that system stability is completely
governed by five dimensionless parameters expressed by the com-
bination of all physical factors. Furthermore, the governing equation
of boundary surface between stable and unstable is explicitly
formulated. Based on it, the sensitive and robust parameter domain
for pogo stability is extensively studied.

II. Simplified Single-Propellant Model

Here, we adopt the same governing equations as [10] or [17] to
model structure and propulsion system. Hereafter, all pressures and
weight flows are oscillatory perturbations.
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A. Structure Mode

The governing equation for a structure mode is

�q� 2��_q��2q��
AthCfN’c
Ms

pc (1)

where q,�, � andMs are the generalized coordinate, circular nature
frequency, structure damping ratio and generalized mass of structure
mode, ’c is the structural mode gain at the thrust,N is the number of
thrusts connected by the suction line, Ath, Cf and pc are the nozzle
throat area, thrust coefficient and the chamber pressure, respectively,
which feature the feedback from propellant system to the structure.

B. Propellant in Tank

The pressure at the bottom of the tank or the top of the suction line
is

pt ���ht’t �q (2)

where � is the density of propellant, ht is the height of propellant in
tank, ’t is the structural mode gain at the mass center of the tank, and
the top dot stands for the derivative with respect to time t.

C. Suction Line

The propellant in suction line is considered as incompressible.
Then it satisfies

pt � ps � Is �ws � �hs’s �q (3)

where ps andws are the pressure and the weight displacement of the
fluid at the output of the suction line, respectively, Is and hs are the
inertia and vertical height of propellant in suction line, respectively,
and ’s is structural mode gain at the bottom of the suction line.

D. Junction

The junction joints three elements together: the suction line,
accumulator, and pump. So,

�
ps � pp � pa
ws �wa � wp

(4)

wherepp,wp are the pressure and weight displacement of flow at the
input of pump, and pa,wa are the pressure and weight displacement
of flow at the input of accumulator.

E. Accumulator

The inertance and resistance of accumulator is neglected, thus
accumulator works like a soft spring, or in other words

pa � Kawa (5)

where Ka is the tangent stiffness of accumulator from its state of
equation.

F. Pump

Neglecting the pump inertance and resistance, then the governing
equation for pump becomes

�
pc � �m� 1�pp
pp � Kp�wp � wc� � � _wp

(6)

where pc,wc are the pressure and weight displacement of flow at the
output of pump, Kp, m� 1, and � are the stiffness of pump
cavitation, pressure gain and mass flow gain factor of the pump.

G. Thrust Chamber

Single propellant is focused in this Note, and the combustion time
lag of thrust is ignored since the experimental values are usually
small and its effects on pogo instability can be neglected. Thus, we
have

pc � Rc _wc (7)

where Rc is often called combustion resistance of thrust.
After combing and simplifying Eqs. (1–7), the coupled system is

described by three equations as

q00 � 2��q0 ��2q��
�m� 1�AthCfN’c

Ms

R�cw
0
c

w00s �
R�c
Is
w0c ���

ht’t � hs’s
Is

q00

�ws � wc� � �
�
w0s �

R�c
Ka
w00c

�
� 1

K�
w0c (8)

where R�c � Rc=�m� 1�, and

K� �
KaKp
Ka � Kp

(9)
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Fig. 1 Typical pogo vibration and block diagram of closed loop in

pogo: a) typical pogo vibration and b) block diagram of closed loop in

pogo.
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Fig. 2 Typical components of a single-propellant system.
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is defined as the effective stiffness of accumulator, which is smaller
than Ka because the gas in accumulator and the bubble in pump are
parallel working together. In case of pumpmass flow gain is zero, the
coupled system is simplified into two coupled oscillators:

�
�q� 2��_q��2q���v
�v� 2�! _v� !2v��	!2 �q

(10)

where !�
�������������
K�=Is

p
is the circular natural frequency of the

propulsion mode, v� K��w1 � wc� characterizes the vibration of
propellant, �� �m� � 1�Is!=2Rc is the damping ratio of the
propulsion mode, and

� �
�m� 1�NAthCf’c

Ms

; 	� ��hs’s � ht’t�

are two parameters describing the strength of interaction between the
structure mode and the propulsion mode.

According to the linear stability theory, if all eigenvalues of Eq. (8)
have negative real parts, then system is asymptotically stable;
otherwise neutrally stable or unstable [18]. For convenience of the
solution of the eigenvalue problem, we rewrite Eq. (8) into matrix
form:

�M	� �x	 � �C	� _x	 � �K	�x	 � 0 (11)

where

�x	 �
q

ws

wc

2
64

3
75; �M	 �

1 0 0

	
Is

1 0

0 0 �R�c=Ka

2
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3
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�C	 �
2�� 0 �R�c

0 0 R�c
Is

0 �� �1=K�

2
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3
75; �K	 �

�2 0 0

0 0 0

0 1 �1

2
64

3
75 (12)

Assume an eigensolution has the following form:

�x	 � �y	eZ�t (13)

then we have

��Z��2�M	 � Z��C	 � �K	��y	 � 0

Nontrivial solutionmeans the determinant of the coefficientmatrix in
the preceding equation has to be zero, i.e., Z satisfies a polynomial
equation:

a5Z
5 � a4Z4 � a3Z3 � a2Z2 � a1Z� a0 � 0 (14)

and the five coefficients are

a0 � �2; a1 � 2��2 � 2��� �2�
a2 � �2 � 1 � �2�2 � 4���� 2��2�

a3 � 2��� 2� � �k� �2 � �2�2��
a4 � 1 � 2��k; a5 ���k (15)

where, � ���, k� K�=Ka is the ratio between effective stiffness
and stiffness of accumulator, �� !=� is the frequency ratio be-
tween the frequency of propulsion and structure, and
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Fig. 3 Boundary curves between stable and unstable for different � and � in �-� plane, with �� 0:005 and k� 1.
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�� ������
�	
p �

����������������������������������������������������������������������
��ht’t � hs’s��m� 1�NAthCf

’c
Ms

r
(16)

is dimensionless variable named as couple strength of the structure
mode and the propulsion system. Obviously, vehicle’s pogo stability
is completely governed by 5 dimensionless parameters, �, �, �, �,
and k in addition to structure damping ratio �. And by further
algebraic manipulation, the boundary surface between stable and
unstable region can be expressed through

�a3a0 � a2a1��a5a2 � a3a4� � �a0a5 � a1a4�2 � 0 (17)

III. Results

To offer a straightforward understanding on boundary surface in
the parameter space for the stability roots from Eq. (17), we project it
into �-� plane by fixing two parameters � and k, while varying one
parameter � or �. As illustrated in Fig. 3, �-� plane is classified into
two regions, unstable and stable one, by the boundary line. The
region above the boundary line is unstable, and the remaining is
stable. During analysis, typical value 0.005 is assigned for �, and 1 for
k taking into account K� 
 Ka when accumulator is equipped into
propulsion system.

Figure 3a shows that when � � 0, the unstable region increased
monotonously with the increase of propulsion modal damping �.
While Figs. 3b–3d say � may both expands and reduces the unstable
region for different �. However, all of figures evident that both � and
� effect pogo stability greatly at � > 1 interval, while little at � < 1
interval.

It is worth to analysis the flight trace rocket leaves in �-� plane.
During flight, � grows rapidly, � decreases quickly, � changes slowly
and � increases slowly, because the time dependent parameter� and
�ht’t � hs’s�’c=Ms grows rapidly while ! changes slowly.
Therefore, as shown in Fig. 4, flight trace 1 and 2 are two typical
traces rocket leaves in �-� plane. During flight, � locates at the range
(�,����), and � locates at the range (�, � ���), then flight trace
2 starting from the domain of � > 1 is easy to break the stability
boundarywhileflight trace 1 starting from� < 1 remains in the stable
domain. The margin of flight trace 1 for stability is larger to counter
the uncertainties system parameters. This result means � < 1 is the
parameter domain for robust vehicle. Thus, � > 1 is referred as
sensitive region while � < 1 is robust region.

In addition, the roles of physical parameters on pogo stability are
listed in Table 1 by checking its effects onvarying trend of �, �, � and
�. Here, symbols ", — and # represent increase, unchanged and
decrease, respectively. For example, increasing m� 1 is bad or
negative for pogo stability since it enlarges both � and �, while
decreasing ! is good or positive since it decreases � and �
simultaneously. On the other hand, higher structure mode both have
small � and � because of the increasing of the generalized massMs

and circular natural frequency �, which are good for achieving
stability. This means the pogo instability is hard to occur on high
order structure mode, which is consistence with the historical
observation.

IV. Conclusions

In this Note, an analytical result is obtained for the pogo stability
problem of the heuristic system, i.e., a simplified single-propellant

system coupled with a structure mode. It shows that the stability of
the system is governed by a number of dimensionless parameters,
including the frequency ratio �, the couple strength �, the propulsion
modal damping �, the dimensionless mass flow gain factor � and the
ratio between effective stiffness and stiffness of accumulator k. The
stability of the system is characterized in the parameter space with
two domains, corresponding to � < 1 and � > 1 respectively. And
the effects of physical parameters, such as pump gain and mass flow
gain of pump, on pogo stability are clearly revealed. By checking the
margin of parameter locus of a launching rocket in the stability
domain, it is shown that pogo stability in the domain of � < 1 is
robust under parameter perturbation and launching parameter
transition. Therefore, regulate the frequency of propulsionmodewith
accumulator until it is lower than that of the structuremode is a robust
design to achieve pogo stability.
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